Abstract. We consider the ground state energy of the Lieb-Liniger gas with δ interaction in the weak coupling regime γ → 0. For bosons with repulsive interaction, previous studies gave the expansion e B (γ) ≃ γ − 4γ 3/2 /3π + (1/6 − 1/π 2 )γ 2 . Using a numerical solution of the Lieb-Liniger integral equation discretized with M points and finite strength γ of the interaction, we obtain very accurate numerics for the next orders after extrapolation on M and γ. The coefficient of γ 5/2 in the expansion is found approximately equal to −0.00158769986550594498929, accurate within all digits shown. This value is supported by a numerical solution of the Bethe equations with N particles followed by extrapolation on N and γ. It was identified as (3ζ(3)/8 − 1/2)/π 3 by G. Lang. The next two coefficients are also guessed from numerics. For balanced spin 1/2 fermions with attractive interaction, the best result so far for the ground state energy was e F (γ) ≃ π 2 /12 − γ/2 + γ 2 /6. An analogue double extrapolation scheme leads to the value −ζ(3)/π 4 for the coefficient of γ 3 .
Introduction
The Lieb-Liniger model [1] is a one-dimensional quantum integrable model describing N particles with contact interaction. The Hamiltonian of the model is
Particles are assumed to move on a circle of length L, thus x j ≡ x j + L. Motivated by recent mathematical results [2, 3, 4] in the weak coupling regime |c| ≪ 1, we focus on two distinct cases: bosons with repulsive interaction and spin 1/2 fermions with attractive interaction. For bosons, the Lieb-Liniger model has found recent applications in the context of ultra-cold atomic gases [5, 6, 7, 8] . For fermions, the model has been studied in the context of the Bose-Einstein condensation (BEC) of Bardeen-Cooper-Schrieffer (BCS) bound pairs [9, 10] . The Lieb-Liniger model is exactly solvable by Bethe ansatz. For bosons, the ground state energy can be written as E B = N j=1 q 2 j , with q j , j = 1, . . . , N solution of the Bethe equations
At large L, N with fixed density of particles ρ = N/L, the rescaled eigenvalue e B (γ) = E B /(ρ 2 N) with attractive interaction c > 0 is known to depend on L, N, c only through the reduced coupling constant γ = c/ρ. One has then e B (γ) = 
and κ B /γ = 1 −1 dy f B (y). For spin 1/2 fermions, a nested version of the Bethe ansatz has to be used [11] in order to compute the ground state energy E F . At large L, N in the sector with total spin zero, expressions similar to the ones in the bosonic case exist for the rescaled eigenvalue e F (γ) = + E F /(ρ 2 N) with repulsive interaction c < 0. In terms of the reduced coupling constant γ = |c|/ρ, one has e F (γ) =
where f F is the solution of the Gaudin integral equation [12] 
and
dy f F (y). At strong coupling γ ≫ 1, the integral equation (3) can be solved by inverting the integral operator [2] , as the convergent expansion
)(x) is of order κ −m when κ → ∞, the large κ expansion of f B (x) can be obtained systematically using a computer algebra system by truncating the sum over m and performing explicitly the polynomial integrations resulting from the large κ expansion of the kernel. It leads to a large γ expansion of e B (γ), where the coefficient of γ −m , m ≥ 1, is a polynomial in π 2 of order ⌈m/2⌉. The beginning of the expansion is e B (γ) ≃ figure 1 for a plot of the expansion up to order γ −30 , and [13, 14] for a recent study of the structure of the large γ expansion. Similarly, in the fermionic case, one finds instead e F (γ) ≃ π 2 48 figure 2 for a plot of the expansion up to order γ −30 , and [15, 16] for studies of the large γ expansion in relation with the BCS-BEC crossover.
Weak coupling γ ≪ 1 is much harder. In the case of bosons with repulsive interaction, analytical and numerical studies point to an expansion in powers of γ 1/2 , known exactly only up to order γ 2 [17, 18, 2] :
Previous numerical evaluations provided the values a ≈ 0.001597 [19] , a ≈ 0.0018 [17] , a ≈ −0.001588 [20] . In the spin 1/2 Fermi case with attractive interaction, analytical studies indicate an expansion with integer powers of γ, known exactly only up to order 
Our main results are very precise numerical values for a, b, c and d obtained using the implementation of Richardson extrapolation [22] using balanced rational functions, known as the Bulirsch-Stoer method [23, 24] . The method allows to extract the limit
θk near z = 0, knowing only a few values h(z n ), 0 < z n < . . . < z 1 with high numerical precision. The method provides a numerically stable evaluation at z = 0 of the unique interpolating rational function R(z) = P (z)/Q(z) with P and Q polynomials of respective degrees ⌊(n − 1)/2⌋ and ⌊n/2⌋, such that R(z m ) = h(z m ), m = 1, . . . , n. The sequence h(z 1 ), . . . , h(z n ) is reduced to the extrapolated value R(0) by iteratively building the triangle h p m , p = 0, . . . , n, m = 1, . . . , n + 1 − p with the recursion formula
and boundary conditions h 
|.
Richardson extrapolation can for instance provide very precise solutions of ordinary differential equations using the modified midpoint approximation scheme [25] with 2M steps, which is known to produce an expansion in 1/M with exponent θ = 2. We believe the method is also very useful for extracting the thermodynamic limit of observables in quantum integrable models, where one typically finds clean expansions in the inverse of the system size with simple, easy to guess exponents, see [26] for an application to the asymmetric exclusion process, an exactly solvable lattice model with classical hard-core particles hopping with a preferred direction.
We studied in this paper the ground state energy of the δ-Bose gas at weak coupling using a numerical solution of either the Bethe equations (2), see section 2, or the integral equation (3), see section 3. Using Richardson extrapolation, we were able to check with very high precision the beginning of the expansion (5) by subtracting the first terms and dividing by the appropriate power of γ, see tables 1 and 2 . Our best result for a, coming from the method with the integral equation, is
The numerical value has been truncated at the estimator for the error ε. Experience with several other extrapolation calculations, where exact values were also available for comparison, indicates that it is very likely that all the digits displayed in (8) are correct, except the last one that may be off by 1 due to rounding. The approximate value (8) was then identified as
by G. Lang [27] shortly after the first version of the paper appeared on the arXiv. The coefficient b of e(γ) can similarly be obtained by the extrapolation method after subtracting (5) with the exact value (9). We find
roughly in agreement with the result b ≈ −0.000171 of [20] . By analogy with (9), we sought an exact expression for π 4 b as a linear combination of 1, ζ(2) = π 2 /6, ζ(3) and ζ(4) = π 4 /90 with rational coefficients using an integer relations algorithm. We found
in perfect agreement with the numerical value. Iterating again, the next term is numerically equal to
for which an exact value is presumably
A natural conjecture is that π m times the coefficient of γ 1+m/2 is a linear combination of 1, ζ(2), . . . , ζ(m) with rational coefficients. In that regard, the absence of even zetas for a, b and c is slightly odd.
Numerical values of the next coefficients of e B (γ) can be obtained by iterating the procedure further. It seems however difficult to guess other exact numbers as the precision of the numerical values decreases at each step while the requirement for finding exact numbers increases due to the number of zetas involved in the linear combination. We note that using non-exact values in the subtraction quickly degrades the quality of both the extrapolated result and the estimation for the error (which is typically underestimated) as numerical errors accumulate.
We also applied the extrapolation procedure in the Fermi case, starting with the integral equation (4). Again, we were able to check (6) with high precision, see table 3. We found for the coefficient d the numerical value
which agrees perfectly with the exact number
Numerics for the next coefficients are displayed in table 3. We were not able to determine other exact values for them, due to the relatively small number of digits known. A smaller number of coefficients is accessible with the same amount of computational effort in the Fermi case compared to the Bose case. This is a consequence of the fact that the expansion is in integer powers of γ for the Fermi gas instead of γ 1/2 for the Bose gas, and thus requires more accurate values before extrapolating on γ.
A motivation for the present work were similar numerical extrapolations performed in [26] for the spectral gap of a weakly asymmetric exclusion process, an exactly solvable lattice model featuring classical hard-core particles hopping with a slightly preferred direction between neighbouring sites of a one-dimensional lattice. In that case too, it had been possible to guess exact expressions for the coefficients from extrapolated numerical values.
Double extrapolation from Bethe equations at finite number of particles
In this section, we provide independent support of the numerical value (8), (10) and (12) obtained with higher precisely in section 3, by solving numerically the Bethe equations (2) and extrapolating on the number of particles.
Using Newton's method, we obtain numerical values of the Bethe roots q j , j = 1, . . . , N satisfying the Bethe equations for the ground state (2) by solving iteratively the linear system 
We start with the known solution for Lc → 0 with fixed N, where q j , j = 1, . . . , N are given in terms of the roots of the N-th Hermite polynomial:
. The calculations were done at density ρ = 1, with 1000 significant digits, for all integers N between 1 and N max (γ), and for the 100 values γ = 1, 0.99, . . . , 0.02, 0.01. The integers N max (γ) chosen increase from 77 to 308 as γ decreases from 1 to 0.01 in order to maintain a comparable precision for all γ after the extrapolation on the number of particles.
For each value of γ, the limit N → ∞ is reached by extrapolating on 1/N with exponent θ = 2, chosen among simple values to minimize the estimation for the error. Table 2 . Result of the double extrapolation for the ground state energy e B (γ) ≃ ∞ m=0 e B m γ 1+m/2 of the repulsive δ-Bose gas at weak coupling from a numerical solution of the Lieb-Liniger integral equation (3) . The values are truncated at the estimation of the error ε, see below (7) . For m = 0, . . . , 6 they are accurate to the number of digits displayed. For m ≥ 7 they are roughly accurate to the number of digits underlined.
Double extrapolation from the integral equations
In this section, we explain the computations leading to (8) , (10) and (12) starting with a solution of a discretized version of the Lieb-Liniger integral equation (3) and extrapolating on the number of points of discretization. We also treat the fermionic case from the Gaudin integral equation (4) .
In the bosonic case, we discretize the Lieb-Liniger integral equation (3) 
The reduced coupling γ M is then computed from
and the approximate value of the ground state energy is given by This process is repeated with M = 2, 3, . . . , M max (κ) for each value of κ. Extrapolating on M with exponent θ = 1 leads to accurate values for e B (γ) with γ given implicitly in terms of κ. This is done for the 100 values κ = 1, 0.99, . . . , 0.02, 0.01, with M max (κ) increasing from 71 to 803 as κ → 0 (which corresponds to γ → 0). Extrapolation on κ with exponent θ = 1/2 then leads to the results in table 2. Again, perfect agreement is found with known analytical results. The weak coupling expansion is plotted from table 2 in figure 1 .
A similar double extrapolation scheme is used for the Fermi gas starting from the integral equation (4) . The extrapolation on κ is done for the 100 values κ = 1, 0.99, . . . , 0.02, 0.01, with M max (κ) increasing from 67 to 771 as κ → 0. The biggest difference is that the exponent θ = 1 is used for the extrapolation on κ due to the form of the expansion (6) . The results, given in table 3, are in complete agreement with (6) . The weak coupling expansion is plotted from table 3 in figure 2.
Conclusions
We computed in this paper accurate values for the coefficients of the ground state energies e B (γ) and e F (γ) of the δ-Bose gas and spin 1/2 δ-Fermi gas in the weak coupling expansion using Richardson extrapolation. The efficiency of the extrapolation method for this problem, measured by the very small value for the estimator of the error, is a sign that e B (γ) and e F (γ) have clean expansions respectively in powers of γ 1/2 and γ. In particular, it is a good indication for the absence of sub-leading logarithm in the expansions, since logarithms are known to completely spoil the precision of Richardson extrapolation. This is in agreement with exact calculations [2, 4] showing the cancellation of logarithms appearing in intermediate quantities when computing the first few terms of the weak coupling expansion of the ground state energy, but a proof at all orders is still missing.
The very precise numerical results of this paper are another example of the spectacular effectiveness of Richardson extrapolation. For integrable models, it can provide very accurate numerics in the thermodynamic limit knowing only relatively few finite size values, thanks to the existence of clean expansions with simple exponents combined with efficient ways to compute accurate finite size values for a moderately large number of degrees of freedom. Such precise numerics even allow in some cases to guess corresponding exact numbers.
